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a b s t r a c t

The flow over three cylinders arranged in-linewith uneven spacing in cross-flow is numer-
ically investigated at a Reynolds number of 200. The center-to-center distance between
the upstream and the most downstream cylinder was kept constant at 4 diameters. The
distance between the inline centers of the upstream and middle cylinders (x) was studied
in the range of 1.05 to 2.95 diameters. The flow structure around the cylinders shows two
distinctive patterns of vortex shedding, one ofwhich occurs at x = 1.60 and 1.80 diameters,
and causes significantly higher oscillating lift and mean drag forces with a lower value
of Strouhal number. At these middle cylinder locations, the shear layer reattaches on the
downstream cylinder and results in vortex formation in the gap between the middle and
downstream cylinders. On the other hand, at all other locations of the middle cylinder the
shear layer does not reattach on the downstream cylinder. Moreover, when the middle
cylinder is located at x = 1.60 or 1.80 diameters, the vortex formation length is shorter
and the vorticity in the downstream vortex street is higher than the case when the middle
cylinder is located at all other locations. To understand the effect of these distinctive
flow features on the flow-induced vibration response of the most downstream cylinder,
the coupling between the flow field and the cylinder motion is numerically modeled. As
the reduced velocity is increased, the oscillation amplitude of the downstream cylinder
increases to its maximum at lock-in, then it starts to decrease similar to the case of a single
cylinder. However, the oscillation amplitude reaches a higher value than that observed for
the case of vortex-induced vibration of both a single cylinder and two tandem cylinders.
Moreover, significant oscillation amplitude is pertained at high reduced velocities with
dependency on the uneven spacing between the cylinders. The frequency of oscillations
increases at different rates in three different ranges of reduced velocities, indicating differ-
ent energy transfer mechanisms. Although the frequency of vibration is shifted away from
the structure resonance frequency at high reduced velocities, the significant amplitude of
oscillations is attributed to the interaction of two opposing mechanisms that occur when
the cylinder is at different positions in the cycle. The wide range of reduced velocities at
which the cylinder vibrates with a significant amplitude makes the configuration of three
in-line cylinders a good candidate for flow energy harvesting.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

A group of cylinders in cross-flow is an arrangement that recurs abundantly inmany engineering applications. Structures
of cylindrical cross sections can be found in buildings, heat exchangers in power plants, silos, underwater pipelines,
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suspension and power cables, andmany other applications in air, water, andmultiphase flows. In some cases, the cylindrical
structures are unevenly spaced, which is a distinct flow geometry that gives rise to flow patterns that are not thoroughly
investigated. Fluid forces exerted on such configurations can cause failure or frettingwear, and thereforemust be included in
the design and operation considerations. For example, forces due towind flow on structures such as tanks and silos can cause
significant deflections and buckling (e.g. Portela and Godoy, 2005; Sosa and Godoy, 2005). Shedding of vortices around one
or a group of cylinder-like structures can give rise to excessive noise (Mohany, 2006; Arafa and Mohany, 2015). In addition,
flexible structures subject to flow are prone to vortex-induced vibration. Applications such as riser pipes in offshore oil fields,
suspension cables in wind flow, highway light poles, data cables in underwater currents, and other applications can undergo
vibrations of significant amplitudes which may endanger their operation (Weaver et al., 2000; Mohany et al., 2012; Hassan
and Mohany, 2013).

An extensive review by Zdravkovich (1977) of the flow interference between two cylinders show that the flow field
around a group of cylinders in close proximity subjected to cross-flow differs significantly from the case of isolated cylinders.
Igarashi and Suzuki (1984) experimentally studied the characteristics of flow around three cylinders of equal diameters
arranged inline with even spacing. They provided a detailed description of the flow patterns and fluid forces that occur in
this arrangement, and reported bistable switching between the flow patterns. They described a complex combination of flow
patterns around the cylinders. The observed patterns depend on the spacing between the cylinders and Reynolds number.
However, it is unclear how the flow structure and the fluid forces acting on the cylinderswould be affected if spacing between
them was uneven. Zhang and Zhou (2001) investigated the effect of unequal cylinder spacing on the vortex streets behind
three rigid side-by-side cylinders. They reported that slight inequalities in the spacing between the cylinders can lead to
substantial changes in pressure distribution on cylinder surfaces, and therefore change lift and drag forces.

The safety concerns inmany applications that include flexible structures in fluid flow sparked remarkable research efforts
to understand the phenomenon of flow-induced vibration. Significant attention has been focused towards the cases of a
single and two cylinders. Anagnostopoulos and Bearman (1992) conducted an experimental investigation of the vortex-
induced vibration of a single cylinder in a fully laminar regime at a Reynolds number up to 150 and at a high mass ratio
m∗ of 149, as defined in Eq. (6). They observed that the maximum oscillation amplitude of 0.6 diameters occurs near the
lower limit of the lock-in region. Khalak and Williamson (1997) investigated the occurrence of vortex-induced vibration
of a cylinder free to vibrate in one direction at low mass ratio and structural damping of m∗

= 2.4 and ζ = 0.0059,
respectively. They observed significantly higher amplitudes of oscillation compared to previous studies at higher solid to
displaced fluid mass ratio. Govardhan and Williamson (2006) investigated the effect of Reynolds number on the amplitude
of oscillations of a single cylinder for a fixed mass ratio ofm∗=10. They observed a constant maximum oscillation amplitude
of 0.6 diameters in laminar flows. However, they reported that the maximum oscillation amplitude depends on log (Re)
in turbulent flows. Hover and Triantafyllou (2001) experimentally investigated the flow-induced vibration of two tandem
cylinders with only the downstream cylinder allowed to vibrate at m∗

= 3.0 and ζ = 0.04. They reported a wider lock-in
range and a higher amplitude of oscillation than that of a single cylinder. More interestingly, they reported significantly
higher amplitudes of oscillation at higher reduced velocities. Assi et al. (2010) experimentally investigated the mechanism
of flow-induced vibrations for two tandem cylinders when the downstream cylinder is allowed to vibrate. They observed
that the oscillations are characterized by a build-up of amplitude persisting to high reduced velocities, which is different
than the limited resonance range of vortex-induced vibration of a single cylinder. Although the vortex-induced vibration of
two tandem cylinders has been thoroughly investigated, it is not clear whether this knowledge can be extended to multiple
inline cylinders in cross-flow. The case of vortex-induced vibration from three or more inline cylinders in cross-flow has
never been investigated. Furthermore, the problem becomes more complicated when the cylinders have uneven spacing
between them and the vibration response cannot be directly inferred from the case of two tandem cylinders.

Recent development in numerical techniques and computational power allowed for accurate simulation of flow-
induced vibration of many configurations. Meneghini et al. (2001) simulated the two-dimensional flow around two circular
cylinders in tandem and side-by-side arrangements at Re = 200. They showed that spacing between the cylinders in both
arrangements has a significant effect on the wake pattern and Strouhal number. Tandem cylinders at gaps lower than 3
diameters shed vortices only from the downstream cylinders. Harichandan and Roy (2010) simulated the two-dimensional
incompressible flow around several configurations of cylinders of the same diameter at Re = 100 and 200. For flow past
three cylinders in tandem, they observed that the downstream cylinder which lies in the wake of the upstream cylinder
experiences very large unsteady forces that can give rise to vortex-induced vibrations. The wake of the two upstream
cylinders is significantly different from the wake of a single cylinder and is influenced by the cylinder spacing and can give
rise to bistable flow patterns. The effect of such wake features on the flow-induced vibration is not fully understood.

Mittal and Kumar (2001) numerically studied the flow-induced vibrations of a pair of cylinders in tandem and staggered
arrangements in the wake interference flow regime at Re = 100 and m∗

= 4.72. They observed that the forces on
the upstream cylinder are similar to those observed for a single cylinder, whereas the downstream cylinder experiences
significant unsteady forces. For systems where displaced fluid mass is relatively close to the solid mass, Mittal and Kumar
(2001) suggested that vortex-shedding frequency of the oscillating cylinder at lock-in does not exactly match the structural
resonance frequency. They also observed that the maximum oscillation amplitude of the spring–mass system does not
change significantly even if the mass of the oscillator is reduced by a factor of 100. Borazjani and Sotiropoulos (2009)
examined the accuracy of two-dimensional simulation by performing several three-dimensional simulations. Their results
at Re = 100 and 200 show that three-dimensional instabilities are not sufficiently strong to alter the dynamic response
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Fig. 1. A schematic of the studied model.

of the system, which for all simulated cases is found to be essentially identical to that observed for the two-dimensional
system. Carmo et al. (2011) performed simulations of the vortex-induced vibration of two circular cylinders in tandem
arrangement. In their simulations, the upstream cylinder was fixed and the downstream cylinder was free to oscillate in
transverse direction. They simulated the flow at Re = 150 and low structural damping and mass ratio. They noted that
the amplitude of oscillation for two tandem cylinders is higher than the case of a single cylinder and reported a notably
higher amplitude of oscillation at higher reduced flow velocities. There is a need to extend the current knowledge to the
flow-induced vibration in the case of three inline cylinders.

The vibration of flexible structures due to flow of wind or water currents can be used to develop innovative energy
harvesting devices (e.g. Yoshitake et al., 2004; Barrero-Gil et al., 2012). Devices consisting of elastically-mounted cylindrical
cables in cross-flowofwind orwater currents canharvest energy atmultiple natural frequencies of the structure (Bernitsas et
al., 2008; Grouthier et al., 2014). Due to the significantly low energy densities in such applications and the varying operating
conditions, it is favorable to have devices that can give higher response to a wider range of flow velocities. Therefore, there
is a need to investigate the flow-induced vibration response of arrangements such asmultiple in-line cylinders in cross-flow
to assess their suitability as energy harvesting devices.

The situation of having unevenly spaced in-line cylinders in cross-flow is a challenging problem as it introduces another
layer of complexity in terms of the flow-structure and the dynamic fluid forces acting on the cylinders that cannot be inferred
from the simplified cases of a single cylinder or two cylinders in tandem. Such configuration has never been investigated
before. For the case of three in-line cylinders in cross-flow, the most downstream cylinder is subjected to higher oscillating
forces that are influenced by the upstream flow interactions. While an increase in the vibration amplitude is expected, the
complex interaction between several parameters that influence the vibration response of the most downstream cylinder is
rather ambiguous. Therefore, the main objective of this study is to investigate the flow structure around three unevenly-
spaced in-line cylinders in cross-flow. In addition, the flow-induced vibration response of the downstream cylinder in such
arrangements is investigated. The systemwith one degree of freedomwould illustrate the first layer of information about the
complex behavior of similar systems with higher degrees of freedoms, with more than one cylinder in the system allowed
to move. The computational setup and the analysis procedure are discussed in the following section. After that, a discussion
of the results is presented.

2. Governing equations and numerical model

The two-dimensional flow field around three unevenly-spaced inline rigid cylinders is simulated as described in this
section. The gravity is not included in the formulation of body forces for neither the flow nor the structure domain. The
reference length scale is the cylinder diameter D and the reference flow velocity is the upstream flow velocity U∞. A
schematic of the model is shown in Fig. 1. The simulations are performed at a Reynolds number of 200. The spacing between
the axes of the upstream and the most downstream cylinder is kept at a value of 4 diameters so that the cylinders are in the
wake-proximity region of each other. As the location of the middle cylinder is changed, the spacing between the centers of
each two successive cylinders changes accordingly. The spacing between the axes of the upstream and middle cylinder x is
used to define each arrangement. At x = 2.00D, the three cylinders are evenly spaced. The simulations include the spacings
x = 1.20D to 2.80D with a step of 0.2D in addition to the two extreme cases of x = 1.05D and 2.95D.

The laminar incompressible Navier–Stokes continuity andmomentum equations, can be written in a dimensionless form
as:

∇.u = 0, (1)

∂u
∂t

= −(u.∇)u − ∇p +
1
Re

∇
2u (2)
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where u is the velocity vector normalized by the upstream flow velocity U∞. The pressure p is normalized by ρU2
∞
. The

Reynolds number is Re = ρU∞D/µ in a fluid of viscosity µ. Parameters used to characterize the interaction of the flow with
the cylinders include the amplitude of the oscillating lift coefficient Cl, the time averaged drag coefficient C̄d, and the Strouhal
number St defined as:

St =
fD
U∞

(3)

where f is the frequency of the oscillating lift force on the cylinder.
After simulating the flow around fixed cylinders, simulations are carried out to investigate the flow-induced vibration of

the configuration of three unevenly spaced cylinderswith themost downstream cylinder allowed to vibrate in the cross-flow
direction. The spacing x between the upstream and the middle cylinders is limited to the range 1.40D ≤ x ≤ 2.20D for the
simulations of the flow-induced vibration of the downstream cylinder, where flow patterns of interest and flow regime
changes are expected to occur. The single-degree-of-freedommass–spring–damper system is selected to model the motion
of the most downstream cylinder. The moving cylinder is allowed only to move in the y direction under the fluid loading.
The equation of motion of the cylinder, mounted on a basis providing the mass m, damping c , and the spring stiffness k per
unit length of the cylinder span is:

mÿ + cẏ + ky =
1
2
ρU2

∞
DĈl (4)

where y, ẏ, and ÿ are the cylinder displacement, velocity, and acceleration; respectively. Ĉl is the time dependent lift
coefficientwhich results from the calculated pressure distribution on the surface of the cylinder due to the coupling between
the flow field and its motion. The unsteady cross-stream lift force acting on a cylinder in cross-flow is oscillating mainly
due to the fluctuating pressures acting on the surface of the cylinder. The energy of the pressure fluctuation is typically
concentrated to a band around the mean shedding frequency (Norberg, 2003). The vortex shedding frequency and the
Strouhal number depend on the Reynolds number. The value of Re = 200 is widely considered in the literature to be close to
the upper threshold atwhich the flow around cylinders remains two-dimensional and laminar (Carmo andMeneghini, 2006;
Papaioannou et al., 2006). Norberg (2003) also reported that at Reynolds numbers up to 6×103, the lift force spectra is similar
to that of a sine wave at single frequency with random noise. At higher Reynolds number, the lift force spectrum is similar to
a narrow band random noise function, indicating a broader range of frequencies. For laminar flow at a Reynolds number as
low as 200, therewould be no near-cylinder vortex dislocationswhich are responsible for intermittentmajor disturbances to
the vortex shedding. Analysis of the lift force follows the hypothesis that the displacement has the same frequency as the lift
force as suggested by Parkinson (1974). Results of a single cylinder and two tandem cylinders presented by Assi et al. (2010)
show that harmonic approximation is reasonable. Bearman (2011) notes that the underlying assumptions in this hypothesis
suggests that vortex induced vibration can be studied by harmonic forcing of the cylinder (e.g. Sarpkaya, 1979; Hover et al.,
1998). Measurements by Morse and Williamson (2009) show that under controlled structural parameters, results obtained
by forcing sinusoidal vibration of the single cylinder matches the free vibration response. Therefore, the fluid loading force
can be modeled as a harmonic force oscillating with a frequency f and a phase shift φ with the tube displacement. The force
coefficient in themotion direction, Ĉl, is time dependent and is resolved into a time-average, C̄l, and an oscillating component
of amplitude Cl. Since the gravitational body force is not present in the simulation plane, the time-average lift coefficient C̄l
is expected to cancel out. As a result, the displacement y of the cylinder has an amplitude A and can be modeled in the form:

y(t) = A sin (2π ft) . (5)

The dimensionless structure parameters are the solid to displaced fluid mass ratiom∗, and the damping ratio ζ , defined as:

m∗
=

4m
πD2ρ

; ζ =
c

2
√
mk

. (6)

The structural natural frequency of the vibrating cylinder fn, and the reduced velocity Ur are defined as:

fn =
1
2π

√
k
m

; Ur =
U∞

fnD
. (7)

The current study aims to investigate the response of the most downstream cylinder at reduced velocities ranging from
2 to 30. The dimensionless structural parameters are selected as m∗

= 2.4 and ζ = 0.0059. The selected mass ratio and
damping coefficient allow for comparison with other studies, matching the parameters used in other numerical studies
(Borazjani and Sotiropoulos, 2009; Ahn and Kallinderis, 2006; Bao et al., 2011). For every configuration, the reduced velocity
is the only parameter allowed to change. The six degree of freedom algorithm requires input of allowed motion directions,
external force vector, and dimensional inertiam of the cylinder. In order to solve at different values of Ur and fix the selected
values of Re, m∗, and ζ , the algorithm adjusts the dimensional values of fn, k and c using Eqs. (6) and (7). The algorithm
then calculates the time dependent external forces on the cylinder and its motion for each time step according to Eq. (4). In
this explicit approach, the pressure distribution on the surface of the cylinder is calculated by the flow solver. The resulting
forces on the cylinder surface are then conveyed to the structure solver. The algorithmused allows for six degrees of freedom,
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Fig. 2. (a) The computational domain and (b) the structured mesh around the three cylinders.

calculating displacements and rotations in space as result of forces and momentum in three dimensions. In this work, the
cases studied are all constrained in five of the six allowedmotion directions. Although it is more convenient in experimental
studies to change Ur by allowing U∞ to change resulting in a range of Reynolds number for each experiment, Hover and
Triantafyllou (2001) measured the vibration response of a single cylinder and two tandem cylinders at a fixed value of Re =

3× 104. They were able to physically adjust the natural frequency of the structure while keeping the flow velocity constant
by means of a control system. Their results follow the same behavior of other studies where Reynolds number changes. This
method is used in many numerical studies (e.g. Ahn and Kallinderis, 2006; Carmo et al., 2011) as it allows for isolating the
effect of Reynolds number on the vibration response of the oscillating cylinder.

For the flow around a single cylinder, Farrant et al. (2000) suggested that a computational domain with 16D upstream,
14D downstream, and 10D on either sides of the cylinder would provide a reasonable compromise between accuracy
and computational cost. In the current study, the domain in Fig. 2 extends 25D upstream, 25D on either sides, and 40D
downstream. The flow domain is meshed into a two-dimensional quadrilateral structured grid. The number of elements
in the domain was around 1.1×105, varying slightly depending on the arrangement. A mesh sensitivity test verified that
increasing the number of elements does not influence the lift coefficient amplitudes on the three cylinders. The domain in
the upstream side takes the shape of a semicircle to save computational cost and optimize the quality of the mesh elements.
Thewall of each cylinder is divided into 200 elements along its circumference. A structured inflation zone is used on thewalls
of the three cylinders to accurately resolve the flow boundary layer. The first element on the cylinderwall is of height 0.001D,
and the elements slowly increase in size at a growth ratio of 1.025. Farther away from the cylinders where no fluid–structure
interaction takes place, the largest elements are of a maximum size of 0.5D. Uniform velocity boundary condition (i.e., u =

1, v = 0) is imposed at the upstream and the side boundaries of the domain. At the cylinder wall, no slip condition (i.e., u =

v = 0) is applied. An incompressible outflow condition is imposed at the downstream outlet.
The pressure–velocity coupling scheme used is pressure implicit with splitting of operator (PISO). A second order upwind

spacial discretization scheme of the convective terms is used for its high stability and accuracy compared to the lower-cost
first order scheme. A Green–Gauss cell based discretization scheme is used for the diffusion terms for its stability at the
selected value of Reynolds number. The transient term is discretized using a second order scheme for the simulations with
no cylinder motion. However, a first order transient scheme is used when simulating the motion of the cylinder because
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Table 1
Force coefficients and Strouhal numbers for flow around a single cylinder at
Re = 200.

Cl,rms C̄d St

2D simulations

Liu et al. (1998) 0.49 1.31 0.192
Farrant et al. (2000) 0.50 1.36 0.196
Meneghini et al. (2001) 0.50 1.30 0.196
Lam et al. (2008) 0.43 1.32 0.196

3D simulations

Zhang and Dalton (1998) 0.48 1.32 0.178–0.198

Current study 0.48 1.35 0.196

of its compatibility with the dynamic mesh models. To allow for cylinder motion, location of cylinder nodes is recalculated
using the node diffusion Laplace smoothing method with a diffusion parameter of 0.70, which was found to ensure stability
throughout the simulations. To validate the model, a simulation of the vortex shedding around a single cylinder was carried
out, and the results of the root mean square of the lift coefficient, average drag coefficient, and Strouhal number are shown
in Table 1. It is clear from Table 1 that a good agreement is obtained with other two and three dimensional simulations at
the same Reynolds number.

For each arrangement, the simulation runs are initialized by the steady solutions of the flow field. The transient
simulations are performed at a dimensionless time step ∆tU/D of 0.05 to ensure a reasonable compromise between
computational cost and accuracy as recommended by Farrant et al. (2000). One vortex shedding cycle is simulated in at
least 100 time steps for any configuration. The time step was varied to check the time step influence on the structural and
added fluid damping. Using smaller dimensionless time steps of 0.005 and 0.001 did not have any significant influence on
the ratio of the total system damping to the critical damping. Subsequently, the simulation runs for 5×104 time steps, with
10 iterations in each time step, to ensure full statistical convergence. This large number of time steps is selected to allow for
a stable final solution. The solution at 5×104 time steps is used as an initial solution for the dynamic mesh case when the
flow-induced vibration simulations are initiated. Section 3 discusses the results of the simulations when the three cylinders
are rigidly fixed. After that, Section 4 will discuss the results when the downstream cylinder is allowed to oscillate.

3. Flow around three rigidly fixed cylinders

Fig. 3 shows the amplitude of the fluctuating lift coefficient on the three cylinders for different locations of the middle
cylinder. Each figure is divided into two figures as the range of locations is divided into two regionswith orders ofmagnitude
difference in the lift force. When the middle cylinder is at x/D of 1.60 and 1.80, the value of Cl on the upstream cylinder is an
order of magnitude higher than its value when the middle cylinder is located at any other location. This trend is observed
for the second and third cylinders as well, and the lift force increases nearly 100 times on the middle cylinder, and 8 times
for the downstream cylinder. The excessive increase of the fluctuating lift force on the middle cylinder suggests that the
cylinder becomes subject to a significantly different flow regime. For the locations where low values of Cl are observed,
the lift coefficient increases as the middle cylinder moves closer to the most downstream cylinder. When the gap between
the middle cylinder and the downstream cylinder is smaller than 1.4 diameters (i.e. x/D = 2.6), the lift coefficient starts
to decrease. The value of the fluctuating lift on the upstream and middle cylinders in these cases are nearly similar, while
the fluctuating lift on the downstream cylinder is an order of magnitude higher. On the other hand, for the cases of x/D =

1.60 and 1.80, the fluctuating lift on the middle and downstream cylinders are of the same order of magnitude, while the
fluctuating lift on the upstream cylinder is much lower. In all cases, the fluctuating lift force on the downstream cylinder is
higher than that on the upstream and middle cylinders.

Abrupt changes of the mean drag coefficient and Strouhal number are also observed for the same middle cylinder
locations, i.e., x/D = 1.60 and 1.80. Fig. 4 shows the time-averaged drag coefficient on the three cylinders. Aside from the
higher values at x/D = 1.60 and 1.80, the drag coefficient on the upstream cylinder decreases slightly as the gap between
the upstream and middle cylinder gets wider. The drag coefficient is negative on the middle cylinder and positive on the
downstream cylinder. Moreover, Fig. 4b shows that the middle cylinder experiences the minimum drag when the cylinders
are equally spaced, i.e., x/D = 2.00.

Fig. 5a shows the spectrum of the lift force on the three cylinders at three different locations of the middle cylinder. The
higher frequencies in the oscillating lift force are weaker than the main component by at least an order of magnitude. For
the three cylinders, the peak oscillating lift force is confined at themain frequency which is strongest for themiddle location
of x/D = 1.80. It can be seen that the harmonics of the lift force for the case of x/D = 1.80 are relatively stronger than the
two other cases. Fig. 5b shows the Strouhal number, calculated from the frequency of the fluctuating lift coefficient, which
is found to be the same for the three cylinders. The figure shows that the Strouhal number ranges between 0.150 and 0.155
for all middle cylinder locations, except the two positions of x/D = 1.60 and 1.80 where it drops significantly nearly to 0.10.
This jump is due to changes in the flow pattern as will be discussed later.
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Fig. 3. Fluctuating lift coefficient on the (a) upstream, (b) middle, and (c) downstream cylinders for different locations of the middle cylinder.

Fig. 4. Time-averaged drag coefficient on the (a) upstream, (b) middle, and (c) downstream cylinders for different locations of the middle cylinder.

Fig. 6 shows contours of instantaneous normalized vorticity in addition to flow streamlines at five instants during one
shedding cycle of period T . The figure shows two cases, at x/D= 1.60 and 2.00 in Fig. 6a, and 6b; respectively. The values of lift
coefficient at x/D = 1.60 are significantly higher than the other case of x/D = 2.00, and the Strouhal number is significantly
lower. The five points constitute half a shedding cycle, and the other half is a mirrored version of these instants due to
symmetry. The figures show significant differences in the flow characteristics between the two cases. The five instants for
x/D = 1.60 in Fig. 6a show that a band of streamlines pass through the gap between the middle and downstream cylinders.
Vorticity contours for the same case show rolling shear layer flow in the same location. Higher vorticity is observed on the
wall of themost downstream cylinder and vortices start to evolve and dispatch downstream. The upstream stagnation point
on the wall of the most downstream cylinder oscillates significantly due to vortex formation in the gap leading to stronger
vortices. On the other hand, the five instants for x/D= 2.00 in Fig. 6b show symmetric circulating flow in the gap between the
upstream and middle cylinders as well as the gap between the middle and downstream cylinders. Moreover, the stagnation
points on the three cylinders do not oscillate significantly. Vortex shedding and rolling of the shear layers is only observed
downstream of the most downstream cylinder. The occurrence of reattachment on the downstream cylinder causes higher
force coefficients and lower Strouhal numbers.

Fig. 7 shows the time-averaged pressure coefficient distribution on the surface of the middle and downstream cylinder,
taking the upstream stagnation point as the reference for the angle θ . The integral of the time-averaged pressure over the
cylinder results in the time-averaged force exerted by the fluid. The distribution is symmetric around the streamwise axis
of each cylinder, resulting in an average lift force of Cl = 0. Therefore, data over only one half of the cylinder surface is
plotted. Moreover, the differences of the pressure distribution when the middle cylinder location is varied explain the
trend of the mean drag force on the middle and downstream cylinders, shown in Fig. 4. It can be seen that the cases of
middle cylinder locations x/D = 1.60 and 1.80 are distinguishable among all other cases by a different pressure distribution.
This different pressure distribution indicates a significant change in the flow features adjacent to the surface of the middle
and downstream cylinders, most notably the displacement of the flow separation points further upstream. Moreover, the
different flow features for the two cases of x/D = 1.60 and 1.80 can be attributed to the separation of vortices in the gap
between the middle and the downstream cylinders.

Fig. 8 shows the oscillations of the lift force on themiddle and downstream cylinders versus the lift force on the upstream
cylinder. The elliptic plot of cycles is symmetric around the origin indicating that the cycle can be described using only one



374 M. Shaaban, A. Mohany / Journal of Fluids and Structures 76 (2018) 367–383

Fig. 5. (a) Power spectral density and (b) Strouhal numbers of the fluctuating lift force on the three cylinders for different locations of the middle cylinder.

half and the other half is equivalent to its mirrored image. The magnitude of the lift force on the three cylinders is much
higher in the case of x/D = 1.60 as previously noted. For the middle cylinder location of x/D = 2.00, the lift forces on the
three cylinder are in phase which indicates that the vortex shedding on the three cylinders occurs in the same direction at
any instants of time. For the other case of x/D = 1.60, the lift force on the downstream cylinder is out of phase with the
lift force on the upstream and middle cylinders indicating that the vortex in the gap between the middle and downstream
cylinder is out of phase with the vortex shed at the downstream cylinder.

Fig. 9a shows the normalized vorticity contours around the three cylinders at two locations of the middle cylinder, x/D
= 1.60 and 2.00. The street of vortices that develop downstream of the cylinders shows notable differences. The vortices
in the case of x/D = 1.60 are larger and have higher vorticity magnitudes associated with the higher oscillating lift forces
on the downstream cylinder. To investigate if the vortex formation length is different in the two cases, the distribution of
the normalized axial component of velocity ux/U∞ is plotted against the distance downstream from the most downstream
cylinder xds in Fig. 9b for the two cases. The vortex formation length defined as the downstream length at which the value of
ux/D is negative is 0.634D for the case of x/D = 1.60. The vortex formation length for the other case, x/D = 2.00, is 1.772D.
The significant differences in the vortex formation lengths between the two distinct patterns suggest an important role for
the flow upstream of the most downstream cylinder.

In conclusion, the flow around three fixed inline cylinders is sensitive to the spacing between them. Different flow
patterns can occur due to slight changes in the gaps between the cylinders, resulting in different Strouhal numbers and lift
and drag coefficients indicating that these interesting flow patterns cannot be inferred from the cases of two or three inline
cylinders with even spacing. It is important to investigate the effect of these different flow patterns on the flow-induced
vibration response of three inline cylinders with uneven spacing.

4. Flow-induced vibration of the downstream cylinder

This section discusses the results of the second phase of this work, in which the downstream cylinder is attached to an
elastic base. The flow-induced vibration response of themost downstream cylinder for uneven spacing of the three cylinders
is presented. In all of the discussed cases, only themost downstreamcylinder is allowed to oscillate in the transverse direction
in reaction to the structure and fluid forces.

In order to validate the numerical model, the single-degree-of freedom vibration of a single cylinder was simulated.
Simulations were performed at two different Reynolds numbers, and the structural parameters of (m∗

= 2.55, ζ = 0) were
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Fig. 6. Instantaneous streamlines and normalized vorticity contours through half a cycle for the cases of (a) x/D = 1.60 and (b) x/D = 2.00 when all three
cylinders are fixed.

selected to match the parameters used in other numerical studies (Borazjani and Sotiropoulos, 2009; Ahn and Kallinderis,
2006; Bao et al., 2011). Carmo and Meneghini (2006) used values of (m∗

= 2.0, ζ = 0.007) and their model gives a good
agreement with the results of the current model, suggesting that the maximum amplitude of vibration is not sensitive to
small changes in structural parameters. Fig. 10 shows a good agreement of the cylinder response. It also shows that the
maximum amplitude calculated at the same structural parameters did not change significantly with the change in Reynolds
number, which agrees with the observation of Govardhan and Williamson (2006) for a single cylinder in laminar flow. The
results at Re = 200 agrees well with the results of Borazjani and Sotiropoulos (2009) and shows a narrower lock-in range.
These results show that themodel captures the vortex-induced vibration response and accurately describes the interactions
between the flow and the flexible cylinder.

Fig. 11 shows the transverse flow-induced vibration response of themost downstream cylinder when the three cylinders
are equally spaced. Fig. 11a shows the normalized amplitude of the displacement and the lift coefficient behavior at the same
range of Ur . For Ur < 4.0, the lift coefficient and the amplitude of the displacement have negligible values. The lock-in region
occurs for 4.5 ≤ Ur ≤ 10, where both the lift coefficient and the amplitude of oscillation increase to a maximum value, then
start to decrease again. The behavior at Ur ≥ 10 is different. The amplitude of cylinder oscillation starts to decrease from
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Fig. 7. Time-averaged pressure coefficient on the surface of the middle and downstream cylinders for different locations of the middle cylinder.

Fig. 8. Phase portraits of lift forces on the middle and upstream cylinders relative to the lift force on the upstream cylinder for the two cases of x/D = 1.60
and x/D = 2.00.

its maximum value of 1.0D gradually. At higher reduced velocities, the value of the oscillation amplitude is asymptotic to
a value of 0.5D. However, the lift coefficient decreases at a much higher rate after it reaches its maximum value of 1.5. It
reaches a minimum value of 0.05 at Ur = 8.5 before it starts to increase again towards a value slightly higher than 0.5. In the
range where the lift force is notably low, the favorable phasing causes high oscillation amplitudes for lower lift coefficient.
The lift coefficient then increases to drive the displacement when the phase angle is slightly lower than 180◦.

Fig. 11b demonstrates the oscillation frequency f normalized by the structure natural frequency fn. It also shows the phase
angle between the displacement and the lift force φ as a function of the reduced velocity Ur . The normalized frequency of
oscillation can be divided into three ranges of Ur , at each range the frequency increases linearly with a different rate. Such
an abrupt change in the frequency of vortex shedding without corresponding changes in geometry or flow velocity indicates
that the mechanism of energy transfer is different for the three regions. For Ur ≤ 4.5, a higher rate of increase in frequency
is observed, while the displacement and lift force are nearly in phase. In this range, the phase shift between displacement
and lift increases indicating a higher energy transfer between the structural and fluid forces. At Ur = 7.5, the frequency
coincidence occurs and f /fn = 1 causing the phase between the displacement and the lift force to jump by 180◦. At Ur ≥ 10,
the phase shift remains at 180◦, and the frequency starts to increase at a higher rate.

Fig. 12 shows the instantaneous vorticity contours and the streamlines at five different positions of the downstream
cylinder during half an oscillation cycle. The figure shows the flow structure for the same two locations of the middle
cylinder shown in Fig. 6 to investigate the effect of the downstream cylinder motion on the flow around the cylinders. The
five instants are shown at the reduced speed Ur = 6.0 which causes the maximum displacement amplitude of nearly A =

1.00 D for both cases. The five instants in Fig. 12a for x/D = 1.60 show that the position of the cylinder as well as its motion
direction influences the flow around the cylinders. The flow when the downstream cylinder oscillates is notably different
than the flow around the three fixed cylinders shown in Fig. 6. The shear layers of the middle cylinder are allowed to roll
and shed vortices in the gap between the middle and the downstream cylinders. The motion of the downstream cylinder
creates higher vorticity and noticeably larger vortex size compared to the same case in Fig. 6. In addition, the flow around the
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Fig. 9. (A) The vortex street and (B) the normalized streamwise velocity downstream of the three inline cylinders for the two cases of x/D = 1.60 and 2.00.

Fig. 10. Vortex-induced vibration response of a single cylinder for Re= 150 and 200, at structural parameters ofm∗
= 2.55 and ζ = 0 compared with other

results in literature.

cylinders for both cases in Fig. 12a and 12b show similar characteristics, despite their different flow patterns in Fig. 6a and
6b; respectively. When the middle cylinder is located at x/D = 1.60, the size of the circulating zones between the upstream
andmiddle cylinder is slightly smaller than their size for the case with x/D= 2.00. The flow around the downstreammoving
cylinder is remarkably similar. The changes introduced by the motion of the most downstream cylinder dominates the flow
around the three cylinders, noting that the displacement amplitude of the two cases is nearly the same.

Fig. 13a presents a comparison of the arrangement discussed in Fig. 11with the cases of a single cylinder oscillating due to
vortex shedding, and the case of two tandem cylinders at a spacing of x/D= 2.0. The discussed case of an elastically-mounted
downstream cylinder in the wake of two fixed upstream cylinders experience higher amplitude of oscillation than the other
two cases. At higher reduced velocities, the case of a single cylinder oscillates at a negligible amplitude, and the flow-induced
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Fig. 11. Flow-induced vibration response of the downstream cylinder for three evenly-spaced cylinders.

vibration response agrees well with the results of other investigations in literature (e.g. Khalak and Williamson, 1997; Assi
et al., 2010; Carmo et al., 2011). On the other hand, the amplitude at reduced velocities as high as Ur = 30 is notable for
the case of two tandem cylinders, and is significantly higher for the case of three cylinders. The range of lock-in, at which
significantly higher amplitudes are observed, is broader and occurs at a higher reduced velocity as the number of cylinders
increases.

Fig. 13b shows the normalized frequency of oscillation for the same three cases. The lock-in range is found to be broader
as the number of cylinders increases. The frequency of oscillation for the cases of a single cylinder and two tandem cylinders
exhibits a higher rate of increase due to the higher Strouhal number. Fig. 13c shows the effect of themiddle cylinder location
on the flow-induced vibration of the downstream cylinder when the cylinders are unevenly spaced. No significant change
is observed for the maximum amplitude which reaches nearly A/D = 1.0 for all simulated cases. However, a significant
change is seen at higher reduced velocities, where the case of even spacing results in the highest displacement amplitude.
The highest amplitude of oscillations is detected for the case of even spacing, i.e., x/D= 2.0. At higher or lower values of x/D,
the amplitude is lower than the case of equally spaced cylinders at higher reduced velocities.

The phase portraits in Fig. 14 are created by plotting the displacement against the oscillating lift force during complete
cycles of oscillations. These phase portraits show various features of the dynamic response of the system. For the system of
a simple harmonic oscillator, the orientation of the major axis of the curve is related to the phase between the displacement
and the lift force. The area enclosed by the curve represents the energy exchanged between the structure and the flow field.
Fig. 14 compares the cases of a single cylinder, three inline cylinders at x/D= 1.60, and x/D= 2.00. Complete cycles for each
case are plotted in the y/D - Cl plane at three reduced velocities, Ur = 2.00, 6.00, and 10.00. All figures are symmetric with
respect to the origin, confirming that the motion can be inferred from one half of a cycle.

At the low reduced velocity ofUr = 2.00, the three different configurations of cylinders lie in the first and third quadrants,
indicating that the moving cylinder displacement is in phase with the oscillating lift force. The displacement has a relatively
low amplitude, and the curve is very close to a straight line demonstrating that the phase angle is close to zero. The
energy supplied by the flow to the structure, represented by the area enclosed inside the cycle, is negligible for the three
configurations, resulting in the low displacement.

As the reduced velocity is increased to Ur = 6.00 and the frequency increases at a much lower rate with Ur , the phase
portraits show interesting features. The amplitude of both the lift force and the displacement is significantly higher than
their values at the lower reduced velocities of Ur = 2.00. The significant difference between the case of a single cylinder
and the two other cases at the reduced velocity of Ur = 6.00 unveils an important feature of the dynamic response of the
configuration of three inline cylinders. The response of a single cylinder is one closed curve with one anticlockwise ring. On
the contrary, the portraits for the downstream cylinder of three inline cylinders consists of three distinct areas enclosed by
the cycle. The plots are still symmetric andnearly in-phase. The two enclosed areas at the edges of the cycle curve are oriented
clockwise and occur at high amplitudes when the cylinder is outside the wake of the two upstream cylinders. The cycle does
not take an elliptic shape which defines a single frequency system. Rather, the periodic interactions of the displacement and
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Fig. 12. Instantaneous streamlines and normalized vorticity contours through half a cycle of cylinder oscillation for the cases of (a) x/D = 1.60 and (b) x/D
= 2.00.

the lift force occur at a range of frequencies. At high values of the displacement, positive energy is supplied by the flow field
to the cylinder kinetic energy. On the other hand, the middle ring is clockwise and occurs when the cylinder is located in the
wake of the two upstream cylinders. This indicates that the cylinder loses energy to the flow field when the displacement
is low. The net energy input from the flow field to the cylinder over the cycle is always positive to provide the necessary
forcing against the structural damping by the fluid. The negative energy taken out of the cycle when the cylinder lies inside
the wake of the upstream objects indicates that the dynamic lift force on the cylinder at this region is a stabilizing force that
acts to stabilize the motion of the cylinder to its equilibrium position. The kinetic energy of the cylinder at this region is
higher than the decrease that the force is able to cause. Thus, themotion continues andmoves out of the wake where energy
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Fig. 13. Amplitude and frequency of the vortex induced vibration of the downstream cylinder in three inline cylinders, (a,b) compared with the cases of a
single cylinder and two tandem cylinders, and (c,d) showing the effect of cylinder uneven spacing.

is supplied to its motion to compensate for this deficit. The stabilizing force inside the wake originates from the deficit in the
static pressure in the wake. The static pressure is lowest at the center of the wake and increases outside the wake. The effect
of the upstream wake, therefore, is responsible for the difference in the dynamic response shown in Fig. 13 for the case of a
single cylinder.

At the higher reduced velocity of Ur = 10.00, the amplitude of the single cylinder oscillations is reduced, and the energy
exchange decreases back to levels similar to those at low reduced velocity. The rate of increase of frequency with Ur for this
case is also higher than the case for Ur = 6.00. This suggests that frequency of oscillation is dominated by the mechanism of
energy transfer between the fluid and the cylinder. On the other hand, the cycle is oriented at the second and fourth quadrant
of the y/D - Cl plane, indicating that the lift force and the displacement are out of phase. For the case of three inline cylinders,
the amplitude is still significant, as shown before in Fig. 13. The lift force and the displacement for the two cases at x/D= 1.60
and 2.00 are out of phase. The higher amplitudes for the latter case is associated with lower lift force amplitudes, and with
higher energy exchange, both positive and negative, between the flow field and the structure. The mechanism responsible
for the oscillations of a single cylinder is related to the frequency of the vortex shedding on the cylinder. However, the case
of three cylinders is dominated by the effects introduced by the presence of the two upstream cylinders and their spacing.

In light of the difference spotted in the plots in Fig. 14, the streamlines in Fig. 12 can help understand the way the wake
interacts with the cylinder for the same two cases of x/D = 1.60 and 2.00. When the cylinder is at its maximum velocity, it is
located at the center of the upstreamwake and the streamlines can be seen to form a vortex at its upstream surface. The flow
that separated at the upstream cylinders passes at the two sides of the cylinder. On the other hand, different flow features
can be observed when the cylinder reaches its maximum displacement. At this location, streamlines pass through the gap
between the fixed middle cylinder and the moving downstream cylinder. The flow velocity through this gap decreases the
static pressure and creates the force that pushes the cylinder to continue the cycle. Therefore, the flow through this gap
accounts for the main effect of the wake which explains the high oscillation amplitudes at high reduced velocities. At higher
reduced velocities, the ratio between the vortex shedding on the moving cylinder and the structural resonance frequency
diverges from the value of f /fn = 1.0 at resonance. In contrast, higher flow velocities through the gap create higher pressure
deficit and thus provide higher lift force on the cylinder. The two opposing mechanisms account for the gradual decrease of
the amplitude seen in Fig. 11.

Fig. 13d shows the effect of uneven spacing on the normalized frequency of oscillation. As the reduced velocity increases,
the normalized frequency of the downstream cylinder oscillation increases differently depending on the location of the
middle cylinder.When themiddle cylinder is located closer to the downstreamcylinder, the frequency of oscillations is lower
at each reduced velocity. Fig. 13d also shows that for each configuration, there are three ranges that can be distinguished by
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Fig. 14. Phase portraits of displacement and lift coefficient for a single cylinder, three cylinders with x/D = 1.60, and three cylinders with x/D = 2.00 at
three different reduced velocities.

Fig. 15. Strouhal number of the fluctuating lift force in the three ranges of reduced velocities for different locations of the middle cylinder.

the slope of the frequency f /fn. The lock-in region extends betweenUr of 4 to 10,where f /fn slope is lower than that observed
at values of Ur outside the lock-in region. The effect of the locations of the middle cylinder on the slope of the frequency at
the three regions can be seen in Fig. 15. Strouhal numbers in this graph are obtained by calculating the normalized slope
of the frequency at the three regions. For the first range at very low reduced velocities, the location of the middle cylinder
has a significant influence on the Strouhal number. For x/D of 1.60 and 1.80, a significant decrease in the value of St to 0.10
is observed. No such jump is observed for the two other regions, whose Strouhal numbers decrease as the middle cylinder
is moved closer to the downstream cylinder. The abrupt jump in St for the cases of x/D = 1.60 and 1.80 is detected only
before the onset of the lock-in region. For the same two cases, Fig. 5 shows a similar jump in Strouhal number when the
three cylinders were fixed. This suggests that the low amplitude of oscillation does not change the wake patterns from the
case of three fixed cylinders. Consequently, the Strouhal number is sensitive to the location of the middle cylinder before
the onset of lock-in region. When significant amplitudes of oscillation are observed, the Strouhal number values still show a
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dependency on the location of themiddle cylinder, but there is no indication of changes in flowpatterns. This behavior shows
that the motion of the downstream cylinder has a strong influence on the flow patterns around the three inline cylinders.

It is interesting to note the occurrence of high amplitudes of oscillations and the significant increase in the lift force from
the case of a single cylinder over a wide range of reduced velocities. This suggests that the configuration of three inline
cylinders is a potential candidate for use in low-velocity energy harvesting devices such as those using vibrating long cables
offshore. Such devices can allow for more efficient use of the low energy densities usually encountered in wind or current
speeds. Devices with a wider range of significant vibration response can sustain consistent amplitude at flow speeds that fall
between the different structural mode frequencies, allowing for a higher overall efficiency of operation. However, a detailed
investigation of the performance of such simple oscillating systems under loading is needed before any facts are drawn about
the suitability of these systems as a basis for generating energy with proper efficiency or practicality.

5. Conclusion

In this paper, the flow over three cylinders of equal diameter arranged in-line in cross-flow with uneven spacing was
numerically investigated at a Reynolds number of 200. The distance between the axes of the upstream cylinder and the
most downstream cylinder was kept constant at 4.00 diameters. The flow field around the three cylinders was simulated at
several locations of the middle cylinder to test the effect of uneven spacing between the cylinders on the flow patterns and
flow-induced vibration response. Results show that the uneven spacing between the cylinders can trigger significant changes
in the flow characteristics not observed for the case of a single cylinder or two tandem cylinders. The different arrangements
of cylinders exhibit two distinctive patterns of vortex shedding, one of which causes significantly higher lift and drag and a
lower Strouhal number. Besides, the change between the patterns is sensitive to the spacing between the cylinders. When
themiddle cylinder is located at x= 1.60D or 1.80D, flow separated on the upstream cylinder reattaches on the surface of the
downstream cylinder. On the other hand, when the middle cylinder is located at all other simulated locations the separated
flow does not reattach on the downstream cylinder. The occurrence of reattachment causes higher harmonics in the spectra
of the lift force and leads to the formation of vortices in the gap between the middle and downstream cylinders.

To investigate the effect of these flow features on the flow-induced vibration response of the system, a numerical model
is developed to simulate the vibration of the most downstream cylinder of an inline row of three cylinders in cross-flow
with uneven spacing. As reduced velocity was increased, the downstream cylinder oscillates with higher amplitudes until it
reaches a maximum value after which the amplitude decreases gradually. The oscillation amplitude reaches a significantly
higher value than that of vortex-induced vibration of a single cylinder, indicating that the wake of the two cylinders
placed upstream of the moving cylinder plays the main role in the energy exchange mechanism. At the reduced velocity
that causes maximum oscillation amplitude, the flow structure around the cylinders is dominated by the motion of the
downstream cylinder. Moreover, significant vibration amplitudes are maintained at high reduced velocities and the case of
even spacing results in the highest displacement amplitude of 0.6D. The high oscillation amplitudes at high reduced velocities
are attributed to the varying phase between the lift force and the displacement. Investigation of the phase between lift force
and cylinder displacement shows that the motion of the cylinder is significantly altered from the response of an isolated
cylinder due to the effect of the wake on the moving cylinder. The wake flow introduces two opposing effects that are
absent in the case of an isolated cylinder. First, the wake creates a stabilizing force that acts against the vibration cycle
when the cylinder is submerged in the wake. On the contrary, the wake flow separated at the two upstream cylinders flows
through the gap between the middle and the downstream cylinder. The resulting low static pressure then creates a driving
force that maintains the cylinder oscillations. The driving force is more pronounced at higher reduced velocities at which
the effects of the vortex-induced forces are expected to vanish. Therefore, the two contrasting mechanisms dominate the
vibration response at higher reduced velocities, and high vibration amplitudes are maintained. The wider range of lock-in,
and the high oscillation amplitude at high reduced velocities suggest that the arrangement of three inline cylinders can have
potential use in flow energy harvesting devices.
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